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Abstract

The effects of both horizontal and vertical hydrodynamic and thermal heterogeneity together with anisotropy of both permeability and thermal
conductivity, on the onset of convection in a horizontal layer of a saturated porous medium, uniformly heated from below, are studied analytically
using linear stability theory for the case of weak heterogeneity. It is found that the effect of such heterogeneity on the critical value of the
Rayleigh number Ra based on mean properties is of second order if the properties vary in a piecewise constant or linear fashion. The effects of
horizontal heterogeneity and vertical heterogeneity are then comparable once the aspect ratio is taken into account, and to a first approximation
are independent. For a square enclosure, horizontal heterogeneity is invariably destabilizing, but vertical heterogeneity can be either stabilizing or
destabilizing. For an enclosure whose aspect ratio is optimized to give the minimum value of the critical Rayleigh number, both horizontal and
vertical heterogeneity are destabilizing, by an amount dependent on the ratio of the conductivity and permeability anisotropy measures.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The problem of the onset of convection in a horizontal layer
of fluid heated uniformly from below is commonly called the
Rayleigh–Bénard problem in the case of a fluid clear of solid
material and the Horton–Rogers–Lapwood (HRL) problem for
the case of a fluid-saturated porous medium. The latter is treated
in some detail in the book by Nield and Bejan [1].

In recent discussions about the effect of heterogeneity (of
either permeability or thermal conductivity or both) on convec-
tion in a porous medium it has been noted that in the case of
strong heterogeneity there can be dramatic effects (Simmons et
al. [2], Prasad and Simmons [3], Nield and Simmons [4]). Even
in the case of weak heterogeneity it is of interest to investigate
the combined effects of vertical heterogeneity (property varia-
tion in the vertical direction, including horizontal layering as
a special case) and horizontal heterogeneity. This is the sub-
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ject of the analysis of Nield and Kuznetsov [5]. The survey of
the effects of heterogeneity in the book by Nield and Bejan [1]
indicates this topic had not been considered previously. In their
analytical study Nield and Kuznetsov [5] found that the effect of
such heterogeneity on the critical value of the Rayleigh number
Ra based on mean properties is of second order if the proper-
ties vary in a piecewise constant or linear fashion. The effects
of horizontal heterogeneity and vertical heterogeneity are then
comparable and to a first approximation are independent. For
the case of conducting impermeable top and bottom boundaries
and a square box, the effects of permeability heterogeneity and
conductivity permeability each cause a reduction in the critical
value of Ra, while for the case of a tall box there can be either a
reduction or an increase. It was found by Nield and Kuznetsov
[6] that in the case of a shallow box with constant-flux top and
bottom boundaries there can be either a reduction or increase in
the critical value of the Rayleigh number.

In the present paper the analysis of Nield and Kuznetsov [5]
is extended to the case where both the permeability and the
thermal conductivity are anisotropic. (The same methodology
is employed.) Previous work on the effect of anisotropy is sur-
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Nomenclature

A height-to-width aspect ratio, H/L

g gravity
H height of the enclosure
k∗
H (x∗, y∗) overall (effective) thermal conductivity in

the horizontal direction
k∗
V (x∗, y∗) overall (effective) thermal conductivity in

the vertical direction
k0H arithmetic mean value of k∗

H (x∗, y∗)
k0V arithmetic mean value of k∗

V (x∗, y∗)
K∗

H (x∗, y∗) permeability in the horizontal direction
K∗

V (x∗, y∗) permeability in the vertical direction
K0H harmonic mean value of K∗

H (x∗, y∗)
K0V harmonic mean value of K∗

V (x∗, y∗)
K∗(x∗, y∗) permeability
L enclosure width
P dimensionless pressure, (ρc)mK0V

μk0V
P ∗

P ∗ pressure

Ra Rayleigh number,
(ρc)f ρ0gβK0V H(T1−T0)

μk0V

Ra0 Rayleigh number for the homogeneous case,
defined by Eq. (43)

S parameter defined by Eq. (53)
t∗ time
t dimensionless time, k0V

(ρc)mH 2 t∗

T ∗ temperature
T1 temperature at the lower boundary
T0 temperature at the upper boundary
u dimensionless horizontal velocity, (ρc)mL

k0V
u∗

u∗ dimensional horizontal velocity
u∗ vector of Darcy velocity, (u∗, v∗)
v dimensionless vertical velocity, (ρc)mH

k0V
v∗

v∗ dimensional vertical velocity
x dimensionless horizontal coordinate, x∗/L
x∗ horizontal coordinate
y dimensionless upward vertical coordinate, y∗/H
y∗ upward vertical coordinate

Greek symbols

β volumetric thermal expansion coefficient of
the fluid

δHx variation in the x-direction of horizontal
permeability (Eq. (46))

εHx variation in the x-direction of horizontal
conductivity (Eq. (46))

η anisotropy conductivity ratio, kH0
kV 0

θ dimensionless temperature, T ∗−T0
T1−T0

ξ anisotropy permeability ratio, KH0
KV 0

ρ0 fluid density at temperature T0
(ρc)f heat capacity of the fluid
(ρc)m heat capacity of the overall porous medium
σ heat capacity ratio, (ρc)m

(ρc)f

ψ streamfunction defined by Eq. (13)

Superscripts

∗ dimensional variable
veyed in Section 6.12 of [1] while previous work on the effect
of heterogeneity is surveyed in Section 6.13 of that book. Since
over 25 papers on each topic have been published they are not
individually cited here.

Our main interest is in fundamental rather than specific prob-
lems, but we note that our results should be readily applicable to
geophysical situations, in which vertical/horizontal anisotropy
and heterogeneity characteristically occur together.

2. Analysis

Single-phase flow in a saturated porous medium is consid-
ered. Asterisks are used to denote dimensional variables. We
consider a rectangular box, 0 � x∗ � L, 0 � y∗ � H , where
the y∗ axis is in the upward vertical direction. The side walls
are taken as insulated, and uniform temperatures T0 and T1 are
imposed at the upper and lower boundaries, respectively.

Within this box the permeability is assumed to have horizon-
tal component K∗

H (x∗, y∗) and vertical component K∗
V (x∗, y∗)

and likewise the horizontal and vertical components of the over-
all (effective) thermal conductivity are given by k∗

H (x∗, y∗) and
k∗
V (x∗, y∗). The Darcy velocity is denoted by u∗ = (u∗, v∗).

The Oberbeck–Boussinesq approximation is invoked. The
equations representing the conservation of mass, thermal en-
ergy, and Darcy’s law take the form
∂u∗

∂x∗ + ∂v∗

∂y∗ = 0 (1)

(ρc)m
∂T ∗

∂t∗
+ (ρc)f

[
u∗ ∂T ∗

∂x∗ + v∗ ∂T ∗

∂y∗

]

= k∗
H (x∗, y∗)∂

2T ∗

∂x∗2
+ k∗

V (x∗, y∗)∂
2T ∗

∂y∗2
(2)

u∗ = −K∗
H (x∗, y∗)

μ

∂P ∗

∂x∗ (3a)

v∗ = K∗
V (x∗, y∗)

μ

[
−∂P ∗

∂y∗ − ρ0βg(T ∗ − T0)

]
(3b)

Here (ρc)m and (ρc)f are the heat capacities of the overall
porous medium and the fluid, respectively, μ is the fluid vis-
cosity, ρ0 is the fluid density at temperature T0, and β is the
volumetric expansion coefficient, while T ∗ is the temperature in
the porous medium. (Local thermal equilibrium between solid
and fluid phases is assumed.)

In order to simplify the following analysis, on the right-hand
side of Eq. (2) the terms involving the partial derivatives of
k∗
H and k∗

V with respect to the spatial coordinates have been
dropped. In accordance with the assumption of weak hetero-
geneity, it is assumed that the variation of each of these quanti-
ties over the enclosure is small compared with the mean value
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of the quantity. Thus, for example, (L/k∗
H )∂kH /∂x∗ is assumed

to be small compared with unity. It can be shown that this ap-
proximation has no effect on the results presented in this paper
provided that each quantity is a linear function of the spatial
variables considered separately. A similar assumption about the
variation of the permeability is made below.

We introduce dimensionless variables by defining

x = x∗

L
, y = y∗

H
, u = (ρc)mL

k0V

u∗

v = (ρc)mH

k0V

v∗, t = k0V

(ρc)mH 2
t∗

θ = T ∗ − T0

T1 − T0
, P = (ρc)mK0V

μk0V

P ∗ (4)

where k0V is the arithmetic mean value of k∗
V (x∗, y∗) and K0V

is the harmonic mean value of K∗
V (x∗, y∗). The quantities k0H

and K0H are defined in a similar fashion. The choice of har-
monic mean for the permeabilities and arithmetic mean for
the conductivities is made because of the way in which those
quantities enter the governing differential equations (compare
Eq. (14) with Eq. (15)).

We also define a Rayleigh number Ra by

Ra = (ρc)f ρ0gβK0V H(T1 − T0)

μk0V

(5)

the heat capacity ratio by

σ = (ρc)m

(ρc)f
(6)

the height-to-width aspect ratio by

A = H/L (7)

and the anisotropy permeability and conductivity ratios ξ and η

by

ξ = KH0

KV 0
(8a)

η = kH0

kV 0
(8b)

The governing equations then take the form

A2 ∂u

∂x
+ ∂v

∂y
= 0 (9)

∂θ

∂t
+ 1

σ

[
A2u

∂θ

∂x
+ v

∂θ

∂y

]

= ηkH (x, y)A2 ∂2θ

∂x2
+ kV (x, y)

∂2θ

∂y2
(10)

u = −ξKH (x, y)
∂P

∂x

v = KV (x, y)

[
−∂P

∂y
+ σRa θ

]
(11)

where

kH = k∗
H (x∗, y∗)/kH0 (12a)

kV = k∗
V (x∗, y∗)/kV 0 (12b)

KH = K∗
H (x∗, y∗)/KH0 (12c)

KV = K∗
V (x∗, y∗)/KV 0 (12d)
We introduce a streamfunction ψ so that

u = σRa

A2

∂ψ

∂y
(13a)

v = −σRa
∂ψ

∂x
(13b)

Then Eq. (9) is satisfied identically. We also eliminate P by
combining Eq. (11) with Eqs. (13a), (13b). In doing this we
assume that, in accordance with the assumption of weak het-
erogeneity, that the maximum variation of KH over the domain
is small compared with the mean value of KH , so we can ap-
proximate ∂(u/KH )/∂x by (1/KH )∂u/∂x, etc. The result is

A2

KV (x, y)

∂2ψ

∂x2
+ 1

ξKH (x, y)

∂2ψ

∂y2
= −A2 ∂θ

∂x
(14)

∂θ

∂t
+ Ra

[
∂ψ

∂y

∂θ

∂x
− ∂ψ

∂x

∂θ

∂y

]

= ηkH (x, y)A2 ∂2θ

∂x2
+ kV (x, y)

∂2θ

∂y2
(15)

The standard linear stability analysis is now employed. The
basic (conduction) solution is perturbed and the equations are
linearized.

The conduction solution is given by

ψ = 0 (16a)

θ = 1 − y (16b)

The perturbed solution is given by

ψ = εψ ′ (17a)

θ = 1 − y + εθ ′ (17b)

To first order in the small constant ε, we get

A2

KV (x, y)

∂2ψ ′

∂x2
+ 1

ξKH (x, y)

∂2ψ ′

∂y2
+ A2 ∂θ ′

∂x
= 0 (18)

∂θ ′

∂t
+ Ra

∂ψ ′

∂x
− ηkH (x, y)A2 ∂2θ ′

∂x2
− kV (x, y)

∂2θ ′

∂y2
= 0 (19)

For the onset of convection we can invoke the “principal of
exchange of stabilities” and hence take the time derivative in
Eq. (19) to be zero.

The boundary conditions are

ψ ′ = 0 and θ ′ = 0 on y = 0 (20a,b)

ψ ′ = 0 and θ ′ = 0 on y = 1 (21a,b)

ψ ′ = 0 and ∂θ ′/∂x = 0 on x = 0 (22a,b)

ψ ′ = 0 and ∂θ ′/∂x = 0 on x = 1 (23a,b)

This set of boundary conditions is satisfied by

ψ ′
mn = sinmπx sinnπy, m,n = 1,2,3, . . . (24)

θ ′
pq = cospπx sinqπy, p,q = 1,2,3, . . . (25)

We can take this set of functions (that are exact eigenfunctions
for the homogeneous case) as trial functions for an approximate
solution of the heterogeneous case. For example, working at
second order, we can try
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ψ ′ = A11ψ
′
11 + A12ψ

′
12 + A21ψ

′
21 + A22ψ

′
22 (26)

θ ′ = B11θ
′
11 + B12θ

′
12 + B21θ

′
21 + B22θ

′
22 (27)

In the Galerkin method, the expressions (26) and (27) are sub-
stituted into the left-hand side of Eq. (18) and the resulting
residual is made orthogonal to the separate trial functions ψ ′

11,
ψ ′

12, ψ ′
21, ψ ′

22 in turn. Likewise the residual on the substitution
of the expressions (26) and (27) into Eq. (19) is made orthogo-
nal to θ ′

11, θ ′
12, θ ′

21, θ ′
22 in turn.

We use the notation

〈
f (x, y)

〉 =
1∫

0

1∫
0

f (x, y) dx dy (28)

and define

Imnpq

= 4
〈[
KH (x, y)

]−1 sinmπx sinnπy sinpπx sinqπy
〉

(29)

Jmnpq

= 4
〈[
KV (x, y)

]−1 sinmπx sinnπy sinpπx sinqπy
〉

(30)

Kmnpq = 4
〈
kH (x, y) cosmπx sinnπy cospπx sinqπy

〉
(31)

Lmnpq = 4
〈
kV (x, y) cosmπx sinnπys cospπx sinqπy

〉
(32)

(Note that the symbol K on the left-hand side of Eq. (31)
is not related to permeability.) We note that 〈kH (x, y)〉 = 1,
〈kV (x, y)〉 = 1, 〈[KH (x, y)]−1〉 = 1 and 〈[KV (x, y)]−1〉 = 1.

Also,

4〈sinmπx sinnπy sinpπx sinqπy〉
=

{
1 if m = p and n = q

0 otherwise
(33)

4〈cosmπx sinnπy cospπx sinqπy〉
=

{
1 if m = p and n = q

0 otherwise
(34)

The output of the Galerkin procedure is a set of 8 homogeneous
linear equations in the 8 unknown constants A11, A12, A21, A22,
B11, B12, B21, B22. Eliminating these constants we get

det M = 0 (35)

where the matrix M takes the form

M =
[

M11 M12
M21 M22

]
(36)

where

M11

=

⎡
⎢⎢⎣

π2(A2J1111 + ξ−1I1111) π2(A2J1211 + 4ξ−1I1211)

π2(A2J1112 + ξ−1I1112) π2(A2J1212 + 4ξ−1I1212)

π2(A2J1121 + ξ−1I1121) π2(A2J1221 + 4ξ−1I1221)

π2(A2J1122 + ξ−1I1122) π2(A2J1222 + 4ξ−1I1222)

π2(4A2J2111 + ξ−1I2111) π2(4A2J2211 + 4ξ−1I2211)

π2(4A2J2112 + ξ−1I2112) π2(4A2J2212 + 4ξ−1I2212)

π2(4A2J2121 + ξ−1I2121) π2(4A2J2221 + 4ξ−1I2221)

π2(4A2J2122 + ξ−1I2122) π2(4A2J2222 + 4ξ−1I2222)

⎤
⎥⎥⎦

(37)
M12 =

⎡
⎢⎢⎣

πA2 0 0 0
0 πA2 0 0
0 0 2πA2 0
0 0 0 2πA2

⎤
⎥⎥⎦ (38)

M21 =

⎡
⎢⎢⎣

πRa 0 0 0
0 πRa 0 0
0 0 2πRa 0
0 0 0 2πRa

⎤
⎥⎥⎦ (39)

M22

=

⎡
⎢⎢⎣

π2(ηA2K1111 + L1111) π2(ηA2K1211 + 4L1211)

π2(ηA2K1112 + L1112) π2(ηA2K1212 + 4L1212)

π2(ηA2K1121 + L1121) π2(ηA2K1221 + 4L1221)

π2(ηA2K1122 + L1122) π2(ηA2K1222 + 4L1222)

π2(4ηA2K2111 + L2111) π2(4ηA2K2211 + 4L2211)

π2(4ηA2L2112 + L2112) π2(4ηA2K2212 + 4L2212)

π2(4ηA2K2121 + L2121) π2(4ηA2K2221 + 4L2221)

π2(4ηA2K2122 + L2122) π2(4ηA2K2222 + 4L2222)

⎤
⎥⎥⎦

(40)

In the case of arbitrary functions of x and y, the integrals in
Eqs. (37) and (40) can be obtained by quadrature. The eigen-
value equation, Eq. (35) can then be solved to give a value of
Ra that is a good approximation to the Rayleigh number.

Based on our experience with the Rayleigh–Bénard prob-
lem, we expect that the Galerkin approximation will lead to an
overestimate of the Rayleigh number by not more than 3%. For
a given order of approximation, the amount of error should be
fairly uniform as the heterogeneity parameters vary. Hence we
expect that the method used will give a quite accurate value of
the relative deviation of Ra from its homogeneous case value
(the quantity S defined by Eq. (53) below).

3. Results and discussion

3.1. First order results

For example, the order-one Galerkin method (using a single
trial function for each of ψ and θ ) yields the eigenvalue equa-
tion

det

[
π2(A2J1111 + ξ−1I1111) A2π

πRa π2(ηA2K1111 + L1111)

]
= 0

(41)

which gives

Ra = π2(A2J1111 + ξ−1I1111
)(

ηA2K1111 + L1111
)
/A2 (42)

For the homogeneous case, I1111 = J1111 = K1111 = L1111 = 1,
and so Ra = Ra0 where

Ra0 = π2(A2 + ξ−1)(1 + ηA2)/A2 (43)

in accord with Eq. (6.131) of Nield and Bejan [1].
As A varies, Ra0 is a minimum when A = (ξη)−1/4, and the

minimum value is

Ra0 min = π2[1 + (η/ξ)1/2]2 (44)

In the subsequent discussion Ra0 is used as the base line for
comparison.
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3.2. Second order results

In order to examine the interaction of permeability hetero-
geneity and conductivity heterogeneity we return to Eqs. (35)–
(40) and apply these to the quartered square with piecewise-
constant properties. We consider the case

1/KH (x, y) = 1 − δHx − δHy

kH (x, y) = 1 − εHx − εHy

1/KV (x, y) = 1 − δV x − δVy

kV (x, y) = 1 − εV x − εVy

for 0 � x < 1/2, 0 � y < 1/2

1/KH (x, y) = 1 + δHx − δHy

kH (x, y) = 1 + εHx − εHy

1/KV (x, y) = 1 + δV x − δVy

kV (x, y) = 1 + εV x − εVy

for 1/2 < x � 1, 0 � y < 1/2

1/KH (x, y) = 1 − δHx + δHy

kH (x, y) = 1 − εHx + εHy

1/KV (x, y) = 1 − δV x + δVy

kV (x, y) = 1 − εV x + εVy

for 0 � x < 1/2, 1/2 < y � 1

1/KH (x, y) = 1 + δHx + δHy

kH (x, y) = 1 + εHx + εHy

1/KV (x, y) = 1 + δV x + δVy

kV (x, y) = 1 + εV x + εVy

for 1/2 < x � 1, 1/2 < y � 1

1/KH (x,1/2) = 1 − δHx

kH (x,1/2) = 1 − εHx

1/KV (x,1/2) = 1 − δV x

kV (x,1/2) = 1 − εV x

for 0 � x < 1/2

1/KH (x,1/2) = 1 + δHx

kH (x,1/2) = 1 + εHx

1/KV (x,1/2) = 1 + δV x

kV (x,1/2) = 1 + εV x

for 1/2 < x � 1

1/KH (1/2, y) = 1 − δHy

kH (1/2, y) = 1 − εHy

1/KV (1/2, y) = 1 − δVy

kV (1/2, y) = 1 − εVy for 0 � y < 1/2

1/KH (1/2, y) = 1 + δHy

kH (1/2, y) = 1 + εHy

1/KV (1/2, y) = 1 + δVy

kV (1/2, y) = 1 + εVy for 1/2 < y � 1
1/KH (1/2,1/2) = 1, kH (1/2,1/2) = 1

1/KV (1/2,1/2) = 1, kV (1/2,1/2) = 1 (45)

This case approximates a general case in which each slowly
varying quantity is approximated by a piecewise-constant dis-
tribution (one in which the domain is divided into subdomains
in each of which the variable takes a constant value). The mean
value of the quantity is approximated by its value at centre of
the main square:

f̄ = f (0.5,0.5)

In each quarter, the function is approximated by its value at
the centre of that quarter, and a truncated Taylor series expan-
sion is used to approximate this factor. For example, in the
region 1/2 < x < 1, 1/2 < y < 1, f (x, y) is approximated
by f (0.75,0.75) and then by f (0.5,0.5) + 0.25fx(0.5,0.5) +
0.25fy(0.5,0.5).

Thus, for example,

δHx = 1

4

[
1

(1/KH )

∂(1/KH )

∂x

]
(1/2,1/2)

δHy = 1

4

[
1

(1/KH )

∂(1/KH )

∂y

]
(1/2,1/2)

εHx = 1

4

[
1

kH

∂kH

∂x

]
(1/2,1/2)

εHy = 1

4

[
1

k H

∂kH

∂y

]
(1/2,1/2)

(46)

In terms of the shorthand notation


Hx = (8/3π)δHx, 
Hy = (8/3π)δHy

EHx = (4/3π)εHx, EHy = (8/3π)εHy


V x = (8/3π)δV x, 
Vy = (8/3π)δVy

EV x = (4/3π)εV x, EVy = (8/3π)εVy (47)

one has

I1111 = I1212 = I2121 = I2222 = 1

I1211 = I1112 = I2221 = I2122 = −
Hy

I2111 = I2212 = I1121 = I1222 = −
Hx

I2211 = I2112 = I1221 = I1122 = 0

J1111 = J1212 = J2121 = J2222 = 1

J1211 = J1112 = J2221 = J2122 = −
Vy

J2111 = J2212 = J1121 = J1222 = −
V x

J2211 = J2112 = J1221 = J1122 = 0

K1111 = K1212 = K2121 = K2222 = 1

K1211 = K1112 = K2221 = K2122 = −EHy

K2111 = K2212 = K1121 = K1222 = −EHx

L1111 = L1212 = L2121 = L2222 = 1

L1211 = L1112 = L2221 = L2122 = −EVy

L2111 = L2212 = L1121 = L1222 = −EV x

L2211 = L2112 = L1221 = L1122 = 0 (48)
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Table 1
Values of the Rayleigh number coefficients, defined by Eq. (54), for A = 1 and various parameter values (ξ, η)

ξ , η 0.1, 0.1 1, 0.1 10, 0.1 0.1, 1 1, 1 10, 1 0.1, 10 1, 10 10, 10

Ra0 119.42 21.71 11.94 217.13 39.48 21.71 1194.22 217.13 119.42

C11x 0.318 0.280 −0.010 1.819 −0.200 −0.003 −2.984 −0.126 −0.002
C22x 0.013 1.121 −4.076 0.073 −0.801 −1.120 −0.119 −0.505 −0.897
C33x 0.004 0.018 −0.040 0.280 −0.200 −0.126 −1.019 −0.280 −0.224
C44x 0.318 1.819 −2.984 0.280 −0.200 −0.126 −0.010 −0.003 −0.002
C12x 0.159 1.401 −0.509 0.910 −1.001 −0.140 −1.492 −0.631 −0.112
C34x 0.080 0.455 −0.746 0.700 −0.500 −0.316 −0.254 −0.070 −0.056
C13x 0.125 0.200 −0.040 2.002 −0.400 −0.031 −4.002 −0.308 −0.030
C24x 0.250 4.003 −8.006 0.400 −0.801 −0.616 −0.080 −0.062 −0.060
C14x 1.001 1.601 −0.320 1.601 −0.320 −0.246 −0.320 −0.025 −0.002
C23x 0.020 0.320 −0.640 0.320 −0.640 −0.492 −0.640 −0.492 −0.482
C11y −0.689 −0.323 −0.024 −0.716 −0.343 −0.027 −0.810 −0.420 −0.049
C22y −0.002 −0.081 −0.593 −0.002 −0.086 −0.682 −0.002 −0.105 −1.223
C33y −0.001 −0.001 −0.001 −0.020 −0.022 −0.026 −0.148 −0.171 −0.306
C44y −0.689 −0.716 −0.810 −0.323 −0.343 −0.420 −0.024 −0.027 −0.049
C12y −0.086 −0.404 −0.297 −0.089 −0.429 −0.341 −0.101 −0.525 −0.611
C34y −0.043 −0.044 −0.050 −0.202 −0.214 −0.262 −0.148 −0.170 −0.306
C13y −0.012 −0.010 −0.004 −0.098 −0.086 −0.038 −0.398 −0.376 −0.240
C24y −0.023 −0.197 −0.795 −0.020 −0.172 −0.075 −0.008 −0.075 −0.480
C14y −0.369 −0.315 −0.127 −0.315 −0.274 −0.120 −0.127 −0.120 −0.077
C23y −0.001 −0.004 −0.016 −0.004 −0.343 −0.150 −0.016 −0.150 −0.960
Now one has

M11

=

⎡
⎢⎢⎣

π2(ξ−1 + A2) −π2(4ξ−1
Hy + A2
Vy)

−π2(ξ−1
Hy + A2
Vy) π2(4ξ−1 + A2)

−π2(ξ−1
Hx + A2
V x) 0
0 −π2(4ξ−1
Hx + A2
V x)

−π2(ξ−1
Hx + 4A2
V x) 0
0 −π2(4ξ−1
Hx + 4A2
V x)

π2(ξ−1 + 4A2) −π2(4ξ−1
Hy + 4A2
Vy)

−π2(ξ−1
Hy + 4A2
Vy) π2(4ξ−1 + 4A2)

⎤
⎥⎥⎦

(49)

M12 =

⎡
⎢⎢⎣

πA2 0 0 0
0 πA2 0 0
0 0 2πA2 0
0 0 0 2πA2

⎤
⎥⎥⎦ (50)

M21 =

⎡
⎢⎢⎣

πRa 0 0 0
0 πRa 0 0
0 0 2πRa 0
0 0 0 2πRa

⎤
⎥⎥⎦ (51)

M22 =

⎡
⎢⎢⎣

π2(ηA2 + 1) −π2(ηA2EHy + 4EVy)

−π2(ηA2EHy + EVy) π2(ηA2 + 4)

−π2(ηA2EHx + EV x) 0
0 −π2(ηA2EHx + 4EV x)

−π2(4ηA2EHx + EV x) 0
0 −π2(4ηA2EHx + 4EV x)

π2(4ηA2 + 1) −π2(4ηA2EHy + 4EVy)

−π2(4ηA2EHy + EVy) π2(4ηA2 + 4)

⎤
⎥⎥⎦

(52)
The eigenvalue equation expands to give a quartic equation in
Ra, and the smallest root is sought. For the homogeneous case
this is the value Ra0 given by Eq. (43).

Consider the case where 
Hx, . . . ,EVy are all small com-
pared with unity.

One can now set

Ra = Ra0(1 + S) (53)

where S is small compared with unity. Substituting, linearizing,
and solving for S one obtains an expression for S that, when
substituted back into Eq. (53) yields an equation of the form

Ra = Ra0
(
1 + C11xδ

2
Hx + C22xδ

2
V x + C33xε

2
Hx + C44xε

2
V x

+ C12xδHxδV x + C34xεHxεV x + C13xδHxεHx

+ C24xδV xεV x + C14xδHxεV x + C23xδV xεHx

+ C11yδ
2
Hy + C22yδ

2
Vy + C33yε

2
Hy + C44yε

2
Vy

+ C12yδHyδVy + C34yεHyεVy + C13yδHyεHy

+ C24yδVyεVy + C14yδHyεVy + C23yδVyεHy

)
(54)

A feature to be noted is that the effects of variation in the
horizontal direction are decoupled from those in the vertical di-
rection at this order of approximation. (For example, in Eq. (54)
there is no term in the product δHxδHy .)

The numerical values of Ra0 and the various coefficients, for
some representative cases, are given in Tables 1 and 2. The first
table is for the case of a square enclosure (A = 1), while the
second table is for the case of what we call the optimal enclo-
sure, where A is chosen to minimize the value of Ra0. For the
homogeneous case, Eq. (44) applies. This case corresponds to
convection in the form of two-dimensional rolls in a horizontal
layer of unlimited lateral extend. We comment on each of these
tables in turn.
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Table 2
Values of the Rayleigh number coefficients, defined by Eq. (54), for various parameter values (ξ, η) with A = (ξη)−0.25

ξ , η 0.1, 0.1 1, 0.1 10, 0.1 0.1, 1 1, 1 10, 1 0.1, 10 1, 10 10, 10

Ra0 39.48 17.10 11.94 170.98 39.48 17.10 1194.22 170.98 39.48

C11x −0.200 −0.044 −0.010 −0.830 −0.200 −0.044 −2.984 −0.830 −0.200
C22x −0.801 −1.743 −4.076 −0.332 −0.801 −1.743 −0.119 −0.332 −0.801
C33x −0.200 −0.083 −0.040 −0.436 −0.200 −0.083 −1.019 −0.436 −0.200
C44x −0.200 −0.830 −2.984 −0.044 −0.200 −0.830 −0.010 −0.044 −0.200
C12x −1.001 −0.689 −0.509 −1.313 −1.001 −0.689 −1.492 −1.313 −1.001
C34x −0.500 −0.657 −0.746 −0.344 −0.500 −0.657 −0.254 −0.344 −0.500
C13x −0.400 −0.126 −0.040 −1.266 −0.400 −0.126 −4.002 −1.266 −0.400
C24x −0.801 −2.532 −8.006 −0.253 −0.801 −2.532 −0.080 −0.253 −0.801
C14x −0.320 −0.320 −0.320 −0.320 −0.320 −0.320 −0.320 −0.320 −0.320
C23x −0.640 −0.640 −0.640 −0.640 −0.640 −0.640 −0.640 −0.640 −0.640
C11y −0.343 −0.117 −0.024 −0.617 −0.343 −0.117 −0.810 −0.617 −0.343
C22y −0.086 −0.294 −0.593 −0.015 −0.086 −0.294 −0.002 −0.015 −0.086
C33y −0.022 −0.004 −0.001 −0.074 −0.022 −0.004 −0.148 −0.074 −0.022
C44y −0.343 −0.617 −0.810 −0.117 −0.343 −0.617 −0.024 −0.117 −0.343
C12y −0.429 −0.464 −0.296 −0.244 −0.429 −0.464 −0.101 −0.244 −0.429
C34y −0.214 −0.122 −0.050 −0.232 −0.214 −0.122 −0.148 −0.232 −0.214
C13y −0.086 −0.022 −0.004 −0.224 −0.086 −0.022 −0.398 −0.224 −0.086
C24y −0.172 −0.448 −0.795 −0.045 −0.172 −0.448 −0.008 −0.045 −0.172
C14y −0.274 −0.227 −0.127 −0.227 −0.274 −0.227 −0.127 −0.227 −0.274
C23y −0.034 −0.028 −0.016 −0.028 −0.034 −0.057 −0.016 −0.028 −0.034
The central column of Table 1 (for the square enclosure) is
for the isotropic case, ξ = η = 1. The results agree with those
published in [5]. There are some symmetries for this column
and the two outside columns for which ξ = η: for example,
C11x = C44x ; this relates the variation of horizontal permeabil-
ity to that of vertical conductivity. However, we do not place
physical significance on this. For all the cases presented, the co-
efficients for the y-variation are all negative. That indicates that
the vertical heterogeneity has a destabilizing effect. However,
the horizontal heterogeneity has a stabilizing or destabilizing
effect depending on the values of ξ and η. The positive coeffi-
cients correspond to cases when at least one of ξ and η is less
than unity.

In the case of Table 2, for the optimal enclosure, the symmet-
rical patterns are more obvious. Indeed, the table shows a triplet
and two doublets of identical columns. These illustrate the gen-
eral result that for this enclosure the critical Rayleigh number is
a function of the ratio η/ξ rather than of ξ , η independently. In
the following way we have checked that this is indeed a general
result.

Since the software package Mathematica can handle the al-
gebraic expansion of a determinant of order 8, we have left it
to do most of the algebraic work for us. However, it is worth
noting that by means of elementary row and column trans-
formations it is possible to manipulate the system Eqs. (35),
(49)–(52) so as to put the determinant into quasi-diagonal form
(so that terms off the principal diagonal are all small) and then
directly expand the determinant up to terms of second order in
the small quantities. In this way we were able to show that S

takes the form

S = (c1
Hx + c2
V x + c3EHx + c4EV x)

× (c5
Hx + c6
V x + c7EHx + c8EV x)
+ (c9
Hx + c10
V x)(c11EHx + c12EV x)

+ (d1
Hy + d2
Vy + d3EHy + d4EVy)

× (d5
Hy + d6
Vy + d7EHy + d8EVy)

+ (d9
Hy + d10
Vy)(d11EHy + d12EVy) (55)

From there it is straightforward to show that, for example, for
the optimal enclosure

C11x = −
(

64

9π2

)[
4ρ2(4 + ρ)

3(1 + ρ)(1 + 5ρ + ρ2)

]

where ρ =
(

η

ξ

)1/2

(56)

Similar expressions can be obtained for the other coefficients as
functions of η/ξ . It follows that Ra is a function of η/ξ in the
case of the optimal enclosure.

In fact, a referee has provided us with the following outline
proof of this statement. If each element of M11, M12 is mul-
tiplied by ξ (something that leaves the determinant equation
invariant) then ξ appears only as a multiplier of A, that is in the
group ξA2. Also, A appears in the form ηA2 = (η/ξ)ξA2 in the
elements of M22. Substituting the value of A for the homoge-
neous case, then ξA2 = (ξ/η)1/2. This leads to the determinant
equation being a function of η/ξ , as required.

4. Conclusions

We have investigated a new extension of the Horton–
Rogers–Lapwood problem, in which the horizontal and vertical
heterogeneity of anisotropy of both permeability and thermal
conductivity are considered. Our perturbation approach is per-
tinent to weak heterogeneity, in which each property varies by
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only a small fraction of its mean value. Within that restric-
tion, our linear stability analysis is applicable to the case of a
two-dimensional rectangular enclosure of arbitrary height-to-
width aspect ratio. However, we have provided explicit results
for just two situations, namely a square enclosure and an en-
closure whose aspect ratio has been optimized to give the
minimum Rayleigh number. In the latter case the permeabil-
ity and conductivity ratios ξ and η affect the critical Rayleigh
number via the ratio η/ξ . For the optimized enclosure all of
the coefficients in the quadratic expression giving the increase
in Rayleigh number are negative. In other words the effect of
heterogeneity is always to reduce the critical Rayleigh num-
ber, in other words to reduce the stability. For the case of the
square enclosure the same is generally true, but in some cases
the horizontal heterogeneity can lead to an increase in stabil-
ity.
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